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The difficulty: “sign” problem

• γ5-hermiticity:
γ5(ip/ + m )γ5 = (−ip/ + m ) = (ip/ + m )†

BUT γ5(ip/ + m+µγ0)γ5 = (−ip/ + m−µγ0) = (ip/ + m−µ∗γ0)
†

detD/(µ) = det∗ D/(−µ∗)

det complex unless µ= 0 (or iµI )

• Corollary: measure ϖ must be complex
〈Tr Polyakov 〉 = exp(− 1

T Fq) = 〈Re Pol×Reϖ−Im Pol× Imϖ〉
〈Tr Polyakov∗〉 = exp(− 1

T Fq̄) = 〈Re Pol×Reϖ+Im Pol× Imϖ〉
Fq 6= Fq̄ ⇒ Imϖ 6= 0

• Z (µ) =
R
D U e−Sg detNf D/(µ) → no Monte Carlo

ZMC = . . . |det | or det(µ= 0) or ...
All Monte Carlo ensembles have zero average baryon density: 〈ρ〉 = 0

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Two problems: sign and overlap

MC ensemble has zero average baryon density ρ ⇒ exploit fluctuations in ρ

 0

P
ro

b(
rh

o)

rho

MC ensemble, mu=0
Target ensemble, mu>0 Each MC config has complex weight

in target ensemble: sign problem.
→ noisy results

Larger volume.
Overlap problem becomes clear,
starting with large-ρ tail
→ wrong results (Glasgow method)

Canonical : no large-ρ tail ⇒
reduced overlap pb. → more reliable
Same thermodynamic limit

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Additional features

Baryon number B fixed during Heavy-Ion collision

Canonical simulations have different systematic errors
Hasenfratz & Toussaint; Alford et al.; PdF & Kratochvila; Alexandru et al.

Phase diagram: (T ,µ) −→ (T ,ρ)

Tc

T

µ

confined

QGP Tc

T

ρ

confined

co-existence

QGP

Grand canonical Canonical

Fix B (small), increase V , lower T −→ nuclear interactions

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Canonical formalism on the lattice

Fix baryon number B
→ δ(3B−

R
d3x ψ̄γ0ψ) = 1

2π
R +π
−π dµ̄I exp(−iµ̄I(3B−

R
d3x ψ̄γ0ψ))

= 1
2π

R +π
−π dµ̄I exp(−iµ̄I(3B−T

R 1
T

0 dτ
R

d3x ψ̄γ0ψ)

ZC(B) = 1
2π

R π
−π d

(µI
T

)

e−i3B
µI
T ZGC(µ= iµI)

µI -dependency is in detM(U, iµI) only! → variance reduction

Strategy: sample ZGC(iµI) at some fixed µI = µI0

Fourier transform each determinant exactly → work ∼ L9
s ×Lt

det(U, iµI) = ∑+3V
−3V cq(U) exp(iq µI

T ) Hasenfratz & Toussaint

ZC(B= q
3 )

ZGC(iµI0 ) = 〈 1
det(U,iµI0 )cq(U)〉

Combine many ensembles with Ferrenberg-Swendsen

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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From canonical to grand canonical

Version 1: Fugacity Expansion: µ→ B

〈B(µ)〉 =
∑V

B=−V B ZC(B)eB 3µ
T

∑V
B=−V ZC(B)eB 3µ

T

Version 2: Saddle Point Approximation: B → µ (ρ ≡ B
V )

ZGC(µ) =
R

dρe−
V
T (f (ρ)−3µρ)

→ µ(ρ) = 1
3 f ′(ρ) ≈

V<∞
V
3 (f (ρ)− f (ρ−1/V ))

ZC(B) = e−
F (B)

T →
µ(B)

T =
F(B)−F(B−1)

3T

Setup: 63x4, a ∼ 0.3 fm, Nf = 4 staggered fermions, mπ ∼ 350 MeV
⇒ 1rst-order transition expected for all µ

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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µ(B)
T =

F(B)−F(B−1)
3T

Flip coordinates: µ versus ρ

T

ρ

confined

QGP
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µ/
T

Baryon number

ρ/T3

 
 
 
 

T/Tc = 1.02
Weakly interacting massless gas

 

ρ(µ)
T 3 ≈ 2b2cSB

2

( µ
T

)

+ 4b4cSB
4

( µ
T

)3
→ b2 = 0.92(1),b4 = 2.18(1)

Little departure from free gas

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Low density phase consistent with Hadron Resonance Gas
T

ρ
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QGP
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µ/
T

Baryon number

ρ/T3

T/Tc = 0.89
 
 
 

T/Tc = 1.02
Weakly interacting massless gas

Hadron Resonance Gas

ρ(µ)
T 3 = 3F(T )sinh 3µ

T → F(T ) = 0.048(3)

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD



university-logo

Simulations at finite µ Is the future canonical? Conclusions Simulation method Canonical vs grand canonical Results Maxwell

Low density phase consistent with Hadron Resonance Gas
T
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T/Tc = 0.89
T/Tc = 0.92
T/Tc = 0.95
T/Tc = 0.98
T/Tc = 1.02

Weakly interacting massless gas
Hadron Resonance Gas

Good accuracy up to µ
T ∼ 2, 30 baryons

Fluctuations in transition region physical

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Maxwell Construction
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Maxwell Construction
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ρ1 ρ2

T/Tc = 0.92
µ/T=1.06(2)

Weakly interacting massless gas

1
T

R ρ2
ρ1

dρ(f ′(ρ)−µ) = 0 → f (ρ1)−µρ1 = f (ρ2)−µρ2

ie. phase transition
Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Phase Diagram T −ρ
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ρ = B/fm3

confined

QGP

co-existence

Compare ρ1 with nuclear density 0.17/fm3

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Interface tension
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2 planar interfaces

Shaded area = free energy of two L2/T interfaces →
√ σ

T ∼ 35−45 MeV

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Phase Diagram T −µ: comparing apples with apples
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<sign> ~ 0.45(5)

<sign> ~ 0.1(1)

D’Elia, Lombardo 163

Azcoiti et al., 83

Fodor, Katz, 63

Our reweighting, 63

This work, 63

i) reweighting becomes unreliable
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ii) systematic error of analytic continuation not studied at µ
T > 1
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Phase Diagram T −µ: comparing apples with apples
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iii) βc(a µ) must bend down to match expectations at β = 0
Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Conclusions

• Lattice QCD at finite µ not for the timid

• Time has come to assess systematic errors: compare methods

• Phase boundary under control for µ/T . 1:
continuum, chiral extrapolations ?

• Canonical formalism:
- different systematics
- overlap problem less severe → more reliable
- prospect: study ab initio nuclear interactions

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Numerical approaches

I. Reweighting in (µ,β) from (µ= 0,βc)
Fodor & Katz

Z (µ,β) =〈
exp(−βSg)detM(µ)

exp(−βcSg)det M(µ=0)〉ZMC(µ=0,βc)

•

Statistical errors under control ? Overlap problem

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Numerical approaches

I. Reweighting in (µ,β) from (µ= 0,βc)
Fodor & Katz

Z (µ,β) =〈
exp(−βSg)detM(µ)

exp(−βcSg)det M(µ=0)〉ZMC(µ=0,βc)

•

Statistical errors under control ? Overlap problem

      Symmetric about Pi T/3

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Aside: phase diagram for imaginary µ

Symmetries:
• Z (+µ) = Z (−µ) even
• Z (µ+ i 2πT

3 k) = Z (µ) periodic

Phase diagram:

=⇒ Z3 transition at µI = π
3 T , ie. amuI = π

3Nt
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II. Susceptibilities at µ= 0
MILC, .., TARO, Bielefeld-Swansea II, Gavai & Gupta
A few derivatives (max. 4); convergence?
Choose mq, look for non-analyticity at critical point ?

III. Imaginary µ + analytic continuation
PdF & OP, D’Elia & Lombardo, Giudice & Papa, Chen & Luo, Azcoiti et al.
Independent simulations at various µ= iµI 6= 0
Fit with truncated Taylor series, then change µ2 →−µ2

Use for pseudo-critical line
Systematic errors ?

→ Yet another approach: canonical

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD
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Phase diagram vs (mu,d ,ms), T and µ
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1rst order
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0

∞

Real world
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Phase diagram vs (mu,d ,ms), T and µ
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0

∞

Real world

X

Heavy quarks
Nf=3

mu,d
ms

µ

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD



university-logo

Simulations at finite µ Is the future canonical? Conclusions Numerical Approaches Asking a simpler question

Strong coupling limit?

0

1

2

3

4

5

6

7

8

0 1 2 3 4 5

T
-1

 F
(β

,B
)/

B

β

2-states: m0=2.785, c0=0.17
 m1=3.113, c1=0.17

1-state  : m0=2.785, c0=0.20

strong coupling,
Kawamoto et al.

Monte Carlo, Karsch and Mutter

strong coupling, Nishida et al.

B=1
B>2 plateau

Ph. de Forcrand SEWM, BNL, May 2006 Canonical LQCD


